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Abstract. We present several deformation and rigidity results within the 
classes of closed Riemannian manifolds which either are 2fc-Einstein (in the 
sense that their 2/c-Ricci tensor is constant) or have constant 2fc-Gauss-Bonnet 
curvature. The results hold for a family of manifolds containing all non-flat 
space forms and the main ingredients in the proofs are explicit formulae for 
the linearizations of the above invariants obtained by means of the formalism 
of double forms. 



1. Introduction 

In Riemannian Geometry it is natural to consider invariants constructed out of 
the curvature tensor by means of natural algebraic constructions (such as tensor 
products followed by contractions), the simplest of these being of course the Ricci 
tensor and the scalar curvature. From this point of view, the problem of determining 
the Riemannian structures with the property that one such invariant is constant in 
a suitable sense stands out by its evident naturality. The purpose of this paper is 
precisely to present some deformation and rigidity results in the context of some 
Riemannian invariants with the above kind of structure. 

The class of invariants considered here depend on the curvature in a polynomial 
fashion and are in a sense the simplest such examples. In fact, they can be described 
by means of the concept of double form, which is simply an element of the bi-graded 
algebra 

A--\X) = A-{X)® V{X) A'(X), 

where X is a smooth manifold, T>(X) is the ring of smooth functions on X and 

A'(X) = ® r > A r (X) 

is the graded £>(A")-algebra of differential forms; see Section [2] for further details. 
Notice that if g is a Riemannian metric on X then g G A ' (X) and its curvature 
tensor R g £ A 2,2 {X). Moreover, there exists a natural contraction operator c g , 
which is actually the (pointwise) adjoint of multiplication by g with respect to the 
inner product on forms. With this terminology at hand, the Ricci tensor of g can 
be expressed as 

RiCg CgRg, 

so it is natural to consider, for k > 1, the 2k- Ricci tensor given by 
(1.1) KfV = cf- l R k g , 
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an element of A ' (X) which is symmetric in its entries. In this context, a metric 
g is 2k- Einstein if it satisfies 

(1.2) Tlf^ = Xg, 

for some constant A. One should remark that, similarly to what happens in the 
Einstein case (k = 1), this condition also admits a variational interpretation; see 
Proposition 12.161 below. 

The study of Einstein metrics is a honorable topic in Riemannian Geometry; 
see [5] for a comprehensive introduction to the subject. In particular, it is well- 
known that the corresponding moduli space always appears, for a closed smooth 
manifold X, in finite dimensional families. Moreover, in some cases it is verified 
that such structures display local rigidity phenomena; see [3] for a survey of such 
results. This is the case, for instance, if (X, g) is a spherical space form, which can 
be seen as an extension of a famous rigidity result due to Calabi [I] , or if (X, g) 
is a hyperbolic space form, which is a local generalization of a remarkable rigidity 
theorem by Mostow [24] . 

The case k > 2, however, is a bit more complicated, essentially due to the fact 

(2k) 

that in general lZ g is homogeneous of degree k in R g (or, equivalently, in the 
second order derivatives of g), which implies that the principal symbol of the lin- 
earization of ([l.ip depends on R g for k > 2. This should be compared with the 
case k = 1 mentioned above, where this symbol depends only on the derivatives 
of g up to first order, so that the corresponding linearization is always elliptic in a 
suitable gauge; in fact, this is precisely the information that leads to the finiteness 
result mentioned above. But for k > 2 the linearization is not elliptic in general and 
the question of exhibiting examples of 2fc-Einstein where ellipticity (with the con- 
sequent local finiteness of the dimension of the moduli space) is restored, acquires 
fundamental relevance. 

In this work we single out a class of Riemannian manifolds for which this program 
may be carried out in a satisfactory manner. More precisely, if n > 5 and 2 < k < 
n/2, let us denote by T-L n ,k the class of closed Riemanian manifolds (X,g) which 
are 2/c-Einstein and additionally meet the curvature condition 

(1.3) R k g - 1 = ii k g 2k -*, ^.^0, 

which actually means that the manifold in question has constant (2k — 2)-sectional 
curvature in the sense of Thorpe; see Proposition l2.10l In particular, H n ,k contains 
all space forms except the flat ones (i.e. those satisfying R g =0). Our first result 
(Theorem 13. 6|) says that if (X, g) G H n ,k then the corresponding moduli space of 
2/c-Einstein structures, denoted (£( 2fc )(X), is finite dimensional at (<?}, the class of 
g. This follows from the fact that the linearization of ([l.ip in (X, g) is elliptic in a 
suitable gauge. Actually, a much more precise result concerning the local structure 
of & 2k \X) around (g) is obtained in Theorem [3_T4j Also, this information is com- 
plemented with Theorem 13. 8[ which provides examples of manifolds in H. n .k which 
are rigid, as 2fc-Einstein structures, under a certain assumption on the eigenvalues 

o 

of R g , the natural action of R g on A l l (X). This subclass of examples includes 
in particular all nonflat space forms (Corollary 13. 13)) . so that the classical rigidity 
results mentioned above are shown to admit extensions to the 2fc-Einstein context. 

Remark 1.1. For spherical space forms, the above results were previously proved in 
[7]. Also, it is proved in Proposition 14. 51 below that, in the presence of (|1.3|) . being 
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2fc-Einstein is equivalent to being Einstein. Thus, the results above can be seen 
as generalizations of those established in [7] to Einstein manifolds with constant 
(2k — 2)-sectional curvature. 

A further contraction of 7?A 2fe ) yields the so-called 2k- Gauss-Bonnet curvature, 
1 > (2k)l 3 9 ' 

a scalar invariant of g which is homogeneous of degree k in its second order deriva- 
tives. These invariants are notably ubiquitous in Differential Geometry appearing 
for instance in Weyl's expression for the volume of tubes [11] and Chern's kinematic 
formulae [5] for quermassintegrals. Notice that Sg 2 ^ = K g /2, where n g = c g Ric g is 
the scalar curvature of g. Now, classically the scalar curvature plays a fundamental 
role in Conformal Geometry in connection with the famous Yamabe problem [19j . 
It is thus natural to formulate the corresponding problem for the Gauss-Bonnet 
curvatures: given a metric g in X, is there g' conformal to g so that Sjj? is con- 
stant? This problem, which admits a nice variational characterization (Proposition 
I2.17[) . has been considered so far in case g is locally conformally flat [3U] [13]; for 
it is then equivalent to the o~k -Yamabe problem (Proposition 16.1]) . In this work 
we present new examples of manifolds (X, g) with non-null Weyl tensor for which 
the problem has a positive solution. More precisely, if ~H' n k represents the subclass 
of manifolds (X, g) in "H n ,k isometrically distinct from round spheres, then it is 
shown in Theorem I6.3|) that any metric sufficiently close to g is conformally equiv- 
alent to a metric with constant 2fc-Gauss-Bonnet curvature. We remark that the 
corresponding result for space forms has been previously verified in [5] . 

This paper is organized as follows. In Section [2] we review the basic properties of 
the Riemannian invariants mentioned above. The deformation and rigidity results 
for 2/c-Einstein structures are stated in Section [3J and proved in Section [5] This 
uses the expression for the linearization of (jl.lj) obtained in Section [U Finally, the 
deformation result (the local Yamabe problem) for the Gauss-Bonnet curvatures is 
presented in Section [5] and proved in Section [5] Again, this uses an expression for 
the linearization of Sg 2k ^ obtained in Section [7] 



2. The 2fc-Ricci tensors and the Gauss-Bonnet curvatures 

In this section we review the definition of an array of Riemannian invariants that 
generalize the Ricci tensor Ric g , the scalar curvature n g and the Einstein tensor 

(2.1) E g = Ric 9 - ^g 

of a Riemannian manifold (A, g) and collect their basic properties. As always, we 
assume that X is closed. Also, we adhere to the sign conventions of [3J. 

In what follows, T (r ' s) (X) = T(® {r ^X) is the space of smooth tensors of type 
(r, s), so that S r (X) C T^ r,0 \X) will denote the space of symmetric covariant 
tensors of degree r and A r (X) C T {rfi) {X) is the space of differential ?'-forms. 
More generally, if £ is a metric vector bundle over X endowed with a compatible 
connection, we represent by A r (X;£) the space of f-valued r-forms over X. We 
also recall the divergence operator S g : S r (X) —± S r ~ 1 (X) given by 

(S g T) i2 ... ir = -gVViT ji2 ... ir = ViTt.. ir , 
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where V^T = V^T is the covariant derivative. We also remark that twice contrac- 
tion of the differential Bianchi identity yields 

s g mc g + = o, 

or equivalcntly, the Einstein tensor is divergence free: 

(2.2) S g E g = 0. 

Our aim now is to point out the existence of a natural family of divergence free 
tensors L g 2k ^ £ S 2 (X), 1 < k < [(n — l)/2], the so-called Lovelock tensors, which 

(2) 

generalize the Einstein tensor in the sense that L g is proportional to E g . 

Recall that given a vector field z 6 X(X) := T^ 0,1 '(X) and a local volume 
element f2, we have 

di z fl = di z fl + i z dfl = C Z Q = (div z)Q, 

where i z is contraction with z and C z is Lie derivative. In this way, the correspon- 
dence z <H- oj — i z Vl defines an isomorphism between T*X = TX and A n ^ 1 (X) 
so that S g z = if and only if dtu = 0. Similarly, the correspondence z\ ® zi o 
i Zl fl ® i Z2 U, defines an isomorphism between <g) (0 ' 2) (A) and A n ^ 1 (X) (g) A n ^ 1 (X), 
the bundle of (n — l)-forms taking values on (n— l)-forms, which is well defined even 
if X is not orientable. Moreover, if Sym (X) C <8>( 0,2 )(X) is the space of symmetric 
(0, 2)-tensors then we get an isomorphism between Sym 2 (A) and Sym 2 (A™ _1 (X)), 
where, by definition, r, G Sym 2 (A' r (A)) C A r (X) ® A r (X) if and only if 

rj(vi A . . . A v r 55 w% A . . . A uv) = A . . . A w r ® «i A . . . A v r ). 

In what follows, we shall write 

S 2 (A r (X))=T(Sym 2 (A r (X))). 

A simple computation shows that T £ S 2 (X) satisfies 8 g T = if and only if 
the corresponding section r, € S 2 (A n ~ 1 (X)) C A n ~ 1 (X,A n ^ 1 (X)) meets d v r/ = 0, 
where <i v is the standard exterior covariant derivative. Noticing that g £ S 2 (X) = 
S 2 (A 1 (X)) and R £ S 2 (A 2 (X)), let us define 

(2.3) L {2k) ^ R g A kt - m - cs AR g Ag A--- Ag eS 2 (A"- 1 (X)), l<k< 

Since d? g — (metric compatibility) and d7 R g = (Bianchi identity), we see that 
d v Lg 2 ^ — 0, so that the corresponding tensor L g 2k ^ £ S 2 (X) satisfies S g L g 2k ^ = 0. 
These are precisely the Lovelock tensors |21j . 

Example 2.1. Assume that X n ^ W n+1 isometrically and let A £ S 2 (X) be the 
corresponding Weingarten map. Then the Gauss equation says that R — \A A A 
and (|2.3p becomes 

L {2k} = t^AA 2k - AA A g A ■ ■ ■ A g. 
A computation shows that 

L (2k) = c n . k P 2kl 

where P r = S r I—P r -iA is the Newton tensor of order r and S r is the r th -elementary 
symmetric function in the eigenvalues of A. In particular, if r = 2 we have S2 = k/2 
and P X A = SxA - A 2 = Ric, so that P 2 = -E. 
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Remark 2.2. The Lovelock tensors admit a local expansion of the form 

where d n> ^ is a universal constant, 5 is the generalized Kronecker delta and RV, are 
the coefhcients of R g G T^ 2,2 \X) with respect to a local orthonormal frame. Thus, 

(2) 

is proportional to the Einstein tensor, as desired. Moreover, given a metric 
j in J, it is proved in |21j that the Lovelock tensors span the space of natural, 
second order and divergence free elements (with respect to g) in S 2 (X); see [25] for 
a modern proof. 

It turns out that the above concepts can be reformulated in terms of the notion of 
double form. Let us start by considering a smooth manifold X of dimension n > 3 
and recalling that A r (X) is a module over the ring T>(X) of smooth functions 
defined on X. 

Definition 2.3. The space of double forms of bi-degree (r, s) is given by 

A r ' s (X) = A r (X) ® v{x) A S (X). 



Equivalently, 
where 

We also set 



A r ' s (X) =T(A r ' s (X)), 
A r ' s (X) = A r (X)®A s (X). 

A"(X) = (Br, s >oA™(X). 

We thus see that A'''(X) is a bi-graded associative algebra, the so-called algebra 
of double forms. 

For instance, any bilinear form on tangent vectors is a (1, l)-form. In particular, 
a Riemannian metric g on X is a (1, l)-form. Moreover, the curvature tensor R g of 
g can be seen as a (2, 2)-form. In fact, if we dehne C r (X) C A r ' r (X) as being the 
space of (r, r)-forms satisfying the symmetry condition 

uj(x% A . . . A x r <g> yx A . . . A y r ) = ui{yx A . . . A y r ® x\ A . . . A x r ), 

then any bilinear form (g, in particular) lies in C 1 (X), and R g 6 C 2 (X0 Detailed 
accounts of the theory of double forms can be found in [IB] , [IT] and [TT] . 

Notice that multiplication by the metric defines a linear map g : A r ~ 1:S ~ 1 (X) — > 
A r ' s (X). Also, the contraction operator c g : A r ' s (X) — > A r ~ 1 ' s ~ 1 (X) is given by 

(c 9 w)(siA. . .Aa; r _i®yiA. . .Ay r - 1) = ^ uj(eiAxiA. . . Ax r ^i(S>ei Ayi A. . .Aj/ r _i), 

i 

where {e^} is a local orthonormal frame. It is easily shown that g and c g are adjoints 
to each other with respect to the natural inner product defined in 

A'>'(X) P = ® r!S > A r > s (X) p , P eX. 



1 In this notation, C X (X) = S 2 (X). 
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Moreover, these operators satisfy the following commutation rule, established in 
PI]: for 77 £ A r > s (X) there holds 

ml y ml J 

min{i,ro} q-1 q 

(2.5) + £ C \W n - r - s + l - m - i )j^—a)^ 

q=l i=0 1 *'* 

where C l q is the usual binomial coefficient. In particular, the following special case 
deserves some attention: 

(2.6) c g gri = gc g ri + {n - r - s)ri, r\ 6 A r,s (X). 

Remark 2.4. Using the language of double forms, that a Riemannian manifold 
(X, g) has constant sectional curvature /i G M is equivalent to the validity of the 
identity R g = %g 2 . 

The contraction operator can be used to rewrite the Ricci tensor and the scalar 
curvature of (X,g) as Ric 5 = c g R g and K g = c 2 g R g . This motivates the following 
definition. 

Definition 2.5. For 1 < k < n/2 we define the 2k-Ricci tensor and the 2k-Gauss- 
Bonnet curvature, respectively, by 

(2.7) Kf)=cf-^, 5f) = ^«. 
Accordingly, it is now possible to rewrite the Lovelock tensor, up to a universal 

(2k) _ , 7(2 
9 — C n,k^9 



constant, as L g 2k ^ = cL k J g 2k \ where 



W J 9 (2* - 1)1 9 9 - 

This emphasizes the similarity with the Einstein tensor in (|2.ip . 
The following definition plays a central role in this work. 

Definition 2.6. [T7] We say that (X,g) is 2k-Einstein if there exists a smooth 
function A on X such that 

(2.9) TZ g 2k) = Xg. 

Thus, 2-Einstein means precisely that (X,g) is Einstein in the usual sense. We 
will see in Proposition 12.161 that if X is closed then 2/c-Einstein metrics are critical 
points for the Hilbert-Einstein-Lovelock functional given by 



restricted to the space M\(X) of unit volume metrics on X. Here, v g is the volume 
element of g. In particular, examples of 2/c-Einstein manifolds include space forms 
and isotropically irreducible homogeneous manifolds [3]. Moreover, if 2k = n then 

(n) 

any metric on X is 2fc-Einstcin, since in this case S g is, up to a constant, the 
Gauss-Bonnet integrand. Thus, we may assume from now on that n > 2k. 

Proposition 2.7. If n > 2k and (X, g) is 2fc-Einstein then A is constant. In 
particular, S g 2k ^ is constant. 
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Proof. Notice that 6 g J { g 2k) = means that 

8 g Tl (2k) + (2k-l)\dS (2k) = 0, 
and combining this with (|2.9p we then see that the function 

H = \-(2k- l)!S (2fc) 
is constant. On the other hand, since 

(2.10) tr 3 ft( 2fe ) = (cf^R^g) = cfR k g = (2k)lSf k \ 
we have, again by (|2.9p . 

(2.11) \ = ^ S (m : 

n y 

and the result follows. □ 

Example 2.8. Examples of 2fc-Einstein manifolds appear as black hole solutions 
in Lovelock gravity [5]. For instance, the manifold K x / x K™ _1 with coordinates 
(t, r, where I C (0, +oo) is an interval, carries such a metric, namely, 

g = ±F(r)dt 2 + g Q , 

where 

go =F(r)- l dr 2 +r 2 dQ 2 , 

dQ 2 is the round metric in and 

F(r) = 1 + er 2 - 2mr 2 "i 

Here, m G K is the 'total mass' of the solution and e = or e = ±1 (for a non- 
vanishing cosmological constant). We also note that the Riemannian metric go on 
the space-like slice t = has constant 2fc-Gauss-Bonnet curvature. For k = 1 we 
recover the so-called Schwarzschild-type solutions of Einstein gravity. 

The formalism of double forms can also be used to single out a class of Riemann- 
ian manifolds that will play a central role in this work. 

Definition 2.9. [28] Given k > 2, we say that (X,g) has (2k — 2)-constant secc- 
tional curvature if there exists /ij. el such that 

(2.12) # fe_1 = Hk9 2k2 - 

The case k — 2 corresponds to space forms; see Remark 12.111 In general, the 
condition (|2.12|) can be geometrically interpreted in the following way. Given a 
tangent (2k — 2)-plane p C T p X, p g X, there exists a neighborhood U C p 
containing the origin such that exp p U C X is an embedded submanifold which is 
totally geodesic at p. In this way, we can associate to each p the (2k — 2)-Gauss- 
Bonnet curvature of exp p U at p, which turns out to be an invariant of (X, g) at p, 
termed the (2k — 2)-sectional curvature of X at p in the direction of p, and denoted 
byK(p,p$ 

Proposition 2.10. [28] For a Riemannian manifold (X,g), (|2.12|) happens if and 
only if K(p, p) does not depend on the pair (p, p). 



2 In the literature, this invariant is also called the Lipschitz- Killing curvature. 



8 



T. CAULA, L. L. DE LIMA, AND N. L. SANTOS 



We denote by Ai(X) the set of smooth Ricmannian metrics on X and by A4i(X) 
the subset of unit volume metrics. With respect to the C°° compact-open topology, 
A4(X) is an open convex cone which has A4\(X) as a basis. In particular, if 
g e M(X) and h g S 2 (X) then g + th g M(X) if t g (-e,e) with e > small 
enough. In this way, if g i— >• S g is a Ricmannian invariant (taking values in some 
open subset of the space of sections of some vector bundle) it makes sense to define 
its linearization at g in the direction of h by 

(2.13) B q h = \im Bg+th ~ B9 . 

The following proposition describes the well-known formulae for the lineariza- 
tions of the Ricci tensor and the scalar curvature. For this we need to introduce 
the Lichnerowicz Laplacian, Al : S 2 (X) — > S 2 (X), 

(2.14) A L h = V*Vft + Ric 3 oh + ho Ric g - 2 j? 9 /i, 
where V*V is the Bochner Laplacian, 

n 

(2.15) (h o fc)(x, t/) = ^ h(or, ei)k{e i} y), 

t=l 

and 

n 

(2.16) (fl fl /i)(a:, ») = 51 ^(^s^' e *)y, e,), 

i=l 

with {e^} being an orthonormal frame. We also need the Bianchi operator /3 g : 
S 2 {X)^A 1 (X), 

(2.17) g h = 5 g h + ^dtT g h. 
Proposition 2.11. If g g 7W(X) and /i g 5* 2 (X) then there holds 

(2.18) mc g h=^{A L h-£ { p gh)t g), 

where cj" g X(X) is the vector field dual to w e -^(X) and C is Lie derivative. 
Moreover, 

(2.19) Kgh = Agtlgll + SgSgll - (RlCg , fl) , 

where A g is the metric Laplacian. 

If D(X) is the group of smooth diffeomorphisms of X, then there exists a natural 
action f : (R+ x D(X)) x M(X) -»• M(X), 

e((t,0),.g)=tV.9- 

Obviously, two metrics in an orbit of this action have the same geometric properties. 
We can also consider the restricted action £i : D(X) x M(X) — > M(X), with = 
£\{i}xD(x)- We thus see that isometry classes of metrics correspond to elements of 
Ai(X)/ D(X) and globally homothctic classes of metrics correspond to elements of 
M\{X)j 'D(X). The elements of M(X)/D(X) are called Riemannian structures. 

A basic problem in Riemannian Geometry consists of understanding the set 
of Ricmannian structures in a given closed manifold X satisfying some geometric 
condition (Einstein, 2fc-Einstein, constant Gauss-Bonnet curvature, etc.). With 
this goal in mind, it is crucial to understand the structure of the orbit space for the 
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above actions. In fact, here we only need the infinitesimal picture so we start by 
noticing that, at least formally, the tangent space to the orbit 

O(s) = {£i(&s);0 €£>(*)}, geM(X), 

is given by 

T g O(g) = {£ u tg;u;eA 1 (X)}. 
Thus, T g O(g) =im5*, where 6* : A 1 (X) -> S 2 (X) is given by 

The notation for 6* is justified by the fact that this is the L 2 adjoint of 5 g : S 2 (X) — > 
A\X). 

Locally, we have 

which implies that the principal symbol of 5* is injective (outside of the zero sec- 
tion). It follows that 5 g 5* : S 2 (X) — > S 2 (X) is elliptic and an argument due to 
Berger and Ebin [1] gives the decomposition 

(2.20) S 2 (X)=imS*®kexS g , 

which is orthogonal with respect to the L? inner product (,). Since T g M(X) = 
S 2 (X), (12.201) says that the orthogonal complement of T g O{g) in T g M(X) is ker<5 ff . 

o 

Remark 2.12. The operators 5 g , 5* and R g appear in a Weitzenbock type decom- 
position associated to the operator S r : A r (X) A r+1 (X) defined by 

(S r r))(xi, ■ ■ ■ ,av+i) = /X^xiV)^, ■ ■ • ,x r +i) 

i 

and its adjoint 

(S*i])(x 1 ,--- ,x r ) = - ^(V^Xe*, x%, ■ ■ ■ ,x r ). 

i 

A straightforward computation gives 

(5 2 *5 2 - SiS^h = V*Vfr + 2R g h-2ho Ric 9 , h G S 2 (X). 
In particular, if S g h = then 

(2.21) S£S 2 h = W*Wh + 2R g h-2homc g , 

since = 8 g . This formula plays a crucial role in our discussion of the rigidity of 
2fc-Einstein structures in Section [5] 

Definition 2.13. A function T : M(X) — > M is a geometric functional if F((f>*g) = 
F{g), for g G M{X) and <j> G D{X). 

Thus, T is geometric if and only if it is constant along the orbits of the D(X)- 
action on M.(X). As important examples we single out the so-called Hilbert- 
Einstcin-Lov clock junctionals: 

(2.22) F {2k \g)= j Sf^vg. 
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By using Sobolev norms, we can make sense of when a geometric functional T 
is differentiable. In this case, for each g there exists a g £ S 2 (X) such that 

P g h = {a g ,h), h£S 2 {X). 

We set a g = grad J- g , the gradient of J 7 at g. 

It turns out that the Lovelock tensors in (|2.8[) are the gradients of the Hilbert- 
Einstein-Lovelock functionals, a result due to Lovelock [21]. 



Proposition 2.14. [21] [17] In the notation above, 

(2.23) gradjf fc ) = -J g (2k) . 
Proof. It is shown in [17] that 

for some w € On the other hand, the classical Liouville formula says that 

(2.24) v g h= -tv g hu g , 

and the result follows. □ 

The following proposition generalizes (|2.2[) and illustrates the importance of the 
decomposition (|2.20l) in the theory of geometric functionals. 

Proposition 2.15. If J 7 is a differentiable geometric functional then its gradient 
is divergence free: 

(2.25) ^gradJg = 0, g £ M(X). 
In particular, 

(2.26) 5 g jW = 0. 

Proof. Obvious in view of (I2.20j) . □ 

In the remainder of this section, we will use Proposition 12.141 to verify that the 
conditions of being 2fc-Einstein or having 2fc-Gauss-Bonnet constant curvature both 
admit a variational interpretation; see [17] , [18] and [21] . For this purpose we define 
the normalized Hilbert-Einstein-Lovelock functionals J^ 2 ^ : A4(X) — > R, 



IX V S) 

Note that J-^ 2 ^ is invariant under scalings. Moreover, given a volume element /i in 
X, set 

Af„ = {g £ M 1 (X);n g =n}. 

Proposition 2.16. The following statements with respect to a metric g £ Mi(X) 
are equivalent: 

(1) (X,g) is 2fc-Einstein; 

(2) g is a critical point of T^ 2k ^; 

(3) g is a critical point of JF^ 2k ^ restricted to M.\(X); 

(4) g is a critical point of T^ 2k ^ restricted to M flg . 
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Proof. The equivalence between the second and third item is obvious. On the other 
hand, note that 

T g M 1 (X) = {heS 2 (X); (g,h)=0} 

and 

T g N, lg ={heS 2 (X);tv g h = 0}. 

Thus, g is a critical point of J ? ( 2/c ) Im^X) (respectively, J ? ( 2fc ) |jy ) if and only if the 
orthogonal projection of gradJ r(2fc) = -j( 2k ^ onto T g .Mi (A) (respectively, T ff A/" Mg ) 

( 2k) 

vanishes. In both cases, there exists a function A in X such that lZ g = Xg. The 



result is now a consequence of Proposition 12. 71 □ 

If g £ A4(X), we denote by [g] — {fg; f £ T>(X), / > 0} the class of conformal 
metrics to g. Moreover, if g £ Mx(X), we set 



[g]i = |.9 e l9]>J x u 5 = 1 



Proposition 2.17. A metric g G .Mi(A) has constant 2fc-Gauss-Bonnet curvature 
if and only if g is a critical point for „F( 2fe ) restricted to [g] i . 

Proof. Observe first that, at least formally, 

(2-27) T g [g} = {fg;fEV(X)} 

and 



(2.28) 



T g \g]i = {fgeT g \g];J fv g =0 



so that the criticality of g means that (Jg 2k ^ , fg) = for all such /. Equivalently, 

(ll g 2k \fg) = (2k-l)!(SWgJg). 

Recalling that (h, g) = tr g h and using (|2.10|) we see that the criticality condition is 
given by 



and since 2k < n, 



Applying this to 



it follows that 



2k [ SMfv g = nf Sf»f 
Jx Jx 

I 4 2fe) /- 9 = o. 

Jx 

f = s m_ I 



2 



'X 

that is, 6>( 2fc ) is constant. □ 
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3. Deformation and rigidity of 2/c-Einstein manifolds 

In this section we will present some rigidity results for a class of 2fc-Einstein 
structures. Let X be a smooth, closed manifold of dimension n > 5. The following 
definition captures the concept of a 2fc-Einstein structure. 

Definition 3.1. The moduli space of 2fc-Einstein structures in X is the quotient 
space 

1 ' K+ x D(X) D{X) ' 

Here, (X) C M(X) is the set of 2fc-Einstein metrics in X and E[ 2k) = n 
M.\(X). In both cases the quotient map will be denoted by g h- > (5) and each class 
(5) is a 2k- Einstein structure in X. 

Thus, a fundamental problem in this context is to determine the structure of 
(£( 2fe )(X) for a given manifold X. As in the case k = 1, the first step would be to 
describe the space of genuine infinitesimal deformations of 2fc-Einstein structures. 
More precisely, if (g) G & 2k \X) let (g t ), t G (— e, e), a differentiable one-parameter 
family of 2fc-Einstein structures with go = g G i?( 2fe )(A"). As usual, we will think 
of this family as a deformation of (g). In this case, and similarly to what happens 

(2k) 

in the Einstein case, the fact that each g t satisfies lZ gt — X t g t implies that 

h=± Bt \ t=0 eS a (X) 

satisfies 

(3.1) iif k) h = \h, 

where A = Ao. Moreover, since genuine infinitesimal deformations should be 
transversal to the orbits of D(X), by (|2.20[> we must require that 

(3.2) S g h = 0. 

Also, since we can assume, without loss of generality, that g t G M\{X), we have as 
a consequence of (|2.24[) that 

(3.3) / tT g hv g = 0. 

Jx 

At this point we are tempted to define the space of infinitesimal deformations of 
(g) by means of (|3.1[) . (|3.2p and p.3|) . We will see, however, that the last condition 
can be replace by an algebraic condition on h. The key point is the following 
theorem of J. Moser. 

Theorem 3.2. [23] If 31,32 G M.\{X) then there exists <f) G D(X) such that 

9i = <t>*92- 

In particular, D(X) acts transitively on the space of metrics with the same 
volume element. For this reason, and taking Proposition 12 . 16l item 4, into account, 
in order to understand the structure of & 2k \X) in a neighborhood (g), it suffices 
to consider the space of metrics 

N g = y e M^xy^, = v g } 
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with the same volume element as g, so that we will continue denoting by (g') the 
corresponding 2fc-Einstein structure. But notice that, due to (|2.24j) . (|3.3|) now is 
replaced by 

(3.4) ti g h = 0. 

This discussion motivates the following definition. 

,(2fc) 



Definition 3.3. If (X,g) is 2fc-Einstein, lZ g = \g, the space of infinitesimal 

,(2k] 

'■(a) 



deformations of (g) , denoted by £ j 2 ^ , is the vector space of all elements h G C 1 (X) 



S 2 (X) such that 

(3.5) li g 2k) h = \h, 
and 

(3.6) S g h = 0, tigh = 0. 
Remark 3.4. If we define l g = S' 1 ^) n tr" 1 ^) and 

(3.7) Cf k) = n g 2k) - A 

then e? k = ker Cg 2fc ' ) |i g . In particular, since X is closed, has finite dimension 
if Cg 2fc ' ) |x„ is an elliptic operator. 

It follows from (|2.18|) and (|2 . 14f) that C g \x g is always elliptic, that is, 
has finite dimension for any (X,g) Einstein, a result due to Berger and Ebin pQ. 
However, if k > 2 the corresponding result is not necessarily true in general, for 
e?^ may be infinite dimensional for certain choices of (X, g), which reflects the fact 

that Cg 2k ^\x g might be of mixed type (not necessarily elliptic). In effect, consider 
the Riemannian product X = M r x T m , where M is an arbitrary Riemannian 
manifold and T rn is a flat torus. If 2k > r then X is 2fc-Einstein independently of 

(2k) 

the metric in M, which shows that dime^ = +oo in this case. This of course 

(2k) 

reflects the fact, already mentioned in the Introduction, that the symbol of C g in 
general depends on the curvature tensor R g . In view of this, it is natural to look for 
examples of 2/c-Einstein structures (X,g) for which dime^) < -|_oo. Theorem 13.61 
below presents an interesting class of 2fc-Einstein structures for which this happens. 
First we need a definition. 

Definition 3.5. Given integers n and k with n > 5 and 2 < 2k < n, and ^ 
a real number, we will denote by T-L n ^ the class of closed Riemannian manifolds 
(X n ,g) of dimension n which are 2/c-Einstein and have constant (2k — 2)-sectional 
curvature, i.e satisfy 

(3.8) R*- 1 = » k g 2k - 2 ; 
see Proposition 12. 101 

Note that, as a consequence of Rcmark l2.111 the class H n ,k contains all non-flat 
space forms. Our first result shows that for 2/c-Einstein structures associated to 
elements of r hi n .k the degeneracy phenomenon observed above does not happen. 

Theorem 3.6. If (X,g) G H n ,k then E/^f is finite dimensional. 

Next we discuss the rigidity of 2/c-Einstein structures in the class T-L n ^k- 
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Definition 3.7. A 2/c-Einstein structure (g) G g( 2fc ) (X) is said to be infinitesimally 
non-deformable if ei g \ is trivial. Moreover, (g) is non-deformable if any deformation 
(<7t), i G (— e, e), is trivial, that is, = $t <7, where <pt S D(X) with 0o = idx- 

Now define the constants 

fcn — 5fc + 2 

( ^ - n ' fc = n(kn + k + 2-2n) 

and 

(3 10) — kn — 2k — I 

n(kn — 5k + n — 1) ' 

which are always positive if k > 2 and n > 5. The next result establishes a 
non-deformability criterium in terms of a certain assumption on the eigenvalues of 

o 

Rg | tr -i( )- For this we define 

/o in • t (Rgh,h) _ (R g h,h) 

(3.11) a = mf ||,,| 2 , ao = sup . 

Theorem 3.8. If(X,g) G H n ,k satisfies either a > a n k n g or ap < a n .kK g , where 
Kg = 2S g 2 ^ is the scalar curvature of g, then (g) is infinitesimally non-deformable. 

Corollary 3.9. If (X,g) is a space form with sectional curvature /i ^ then (g) 
is infinitesimally non-deformable. 



Proof. It suffices to observe that, due to Remark 14.71 below. Rh = —fj,h if tr g h = 0, 
so that a = ao = — fi. Since n g = n(n — l)fi, the result follows readily. □ 

Adapting an argument in |15j one easily verifies that (g) infinitesimally non- 
deformable implies that (g) is non-deformable, which can be applied, in particular, 
to the 2/c-Einstein structures in Theorem 13. 81 However, it is possible from the con- 
clusion of this theorem to derive stronger rigidity properties for the given structure. 
To explain this we recall that the decomposition (|2.20[) implies the existence of a 
local slice V g for the action of D(X) in A4(X) in a neighborhood g; see [9]. 



Definition 3.10. The set of all 2/c-Einstein structures in V g is called the pre-moduli 
space in a neighborhood of (g) and denoted by <£ g 2k \x). 

The moduli space itself, £( 2fc )(X), can be locally obtained from £ g 2k) (X) after 
passing to the quotient by the action of the isometry group of (X, g) 1 which is 
a compact Lie group. However, we shall completely ignore this issue and deal 
directly with £ g 2k \x). In particular, the definition below captures the notion of 
(local) rigidity of 2fc-Einstein structures. 

Definition 3.11. (g) is rigid if it is an isolated element in <£ g 2k \x). 

The next result provides examples of rigid 2fc-Einstein structures. 

Theorem 3.12. Under the conditions of Theorem \3.8\. (g) is rigid. 

Corollary 3.13. If {X,g) is a space form of sectional curvature \x ^ then (g) is 
rigid. 
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Actually, Theorem 13 . 1 2 1 is a straightforward consequence of a more general result 
that elucidates the local structure of <£g\x), with (g) under the conditions of 
Theorem 13.61 

Theorem 3.14. If (g) satisfies the assumptions of Theorem Iff. 61 then £ g 2k \x) 
has, in a neighborhood of (g) , the structure of an analytical subset contained in a 
analytical manifold whose tangent space in (g) is precisely E/^f • 

Remark 3.15. For the spherical case (/i > 0), Corollaries 13.91 and 13.131 were first 
obtained in [7j. 

4. Linearizing the 2fc-Ricci tensor 
The proofs of the finiteness and rigidity results stated in the previous section 

(2k) i i 

rely on a calculation of the operator C g defined in Remark 13.41 above, which by 
its turn rests on the linearization of the 2fc-Ricci map g S 

see Proposition 14.61 below. We start by recalling some preliminary results proved 
in [TB], Q2] and [7J. 

For h € ^(X) it is defined in [T7] the linear mapping F h : C r (X) -> C r (X) as 
follows: for any p £ X and {ei, . . . , e n } an orthonormal basis of T p X diagonalizing 
h, set 

{F h uj){e tl A . . . A e lT , e n A . . . A e jr ) = 

r r 

= {^2He ik ,e ik ) +^2h(e jk ,e jk ))u(e il A...Ae ip ,e h A...Ae ir ). 

k=l k=l 

Consider also the operator V 2 : C 1 (X) — > C 2 (X) given by 

V 2 h{x x Ax 2 ,yi A y 2 ) = Vjjj , Xl h(x 2 ,y 2 ) + V 2 Xuyi h(x 2 ,y2) 

(4-i) -v^M^i/i) - vl lt v2 h ( x 2,yi), 

where 

is the usual Hessian operator. The relevance of these concepts is illustrated by the 
following lemma, proved in |17j . 

Lemma 4.1. The linearization of the curvature tensor is given by 

(4.2) R g h=~V i h+- A F h {R g ). 

We show in Corollary 14.31 below that if (X, g) 6 H n ,k then the second order term 
in C g 2k ^ — TZg 2k ^ — A is completely determined by the first and second order con- 
tractions of R g . Hence, in view of (|4.2p . it is crucial to determine such contractions 
for V 2 h and Fh(R g ). Such a calculation has been carried out in [7J. 

Proposition 4.2. [7J For any metric g <E M(X), and given h G C 1 (X), the follow- 
ing identities hold: 

(1) If V*V is the Bochner Laplacian acting on C X (X) then 

(4.3) c g V 2 h = -2V*V/i + 2V 2 tr g h + A5* g 8 g h - {K {2) oh + ho K g 2) ) + 2R g h; 
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(2) If A g is the Laplacian associated to g then 

(4.4) c 2 g V 2 h = -AA g tT g h - ASgSgh; 

(3) c g F h {Rg) = K g 2) o h + h o n g 2) + 2R g h; 

(4) c 2 g F h {R a )=A(1lf\h). 

(2) 

Here, 7\Lg = Ric 5 is the Ricci tensor. 

Corollary 4.3. The first and second order contractions of R g h are respectively 
given by 

(4.5) CgRgh = - (y*Vh - V 2 tr g h - 25* g Sgh + {TZg 2) oh + ho K g 2) )} 
and 

(4.6) C 2 g Rgh = AgtVgh + SgSgh + (U^ , h) . 

Remark 4.4. If g is Einstein, 7Z^ — —g, then 

n 

K^oh + hoKf = ^h, 
y n 

from which we see that 

c g {V 2 h) = -2V*Vh + 2V 2 tr g h + A8* g 5gh - ^-h + 2 R g h. 

With these preliminaries at hand, we now turn to the context of Theorem 13. 6[ 
so that (X, g) is a 2fc-Einstein manifold with 

(4-7) R k g - 1 =fi k g 2k - 2 , n k ^0. 

Observe that if k = 1 the 2/c-Einstein condition reduces to the usual Einstein case, 
Tip = Xg, while if k = 2, (@7?J means that (X, g) is a space-form; see Remark 
12.111 This case has already been treated in [7] so we may assume from now on that 
k > 2. Note that for metrics satisfying (14.71) . (|2.5p implies 

Tl g 2k) = n k cf-\g 2k - 2 R g ) 

2k — 2 r— 1 2k — 2— r 

= (2k - 2)!^ Y, ^ IR n - 3 - i ) f2fc-2-rV ^" 1 " rJig 

r=l i=0 ^ '■ 

2fe-4 

= (2fc - 2)! Alfe C 2 2 t 3 1 II (" - 3 - ^4 R 9 + 

i=0 

2fc-3 

+ (2k - 2)!/i fc C^I a 1 J] (n - 3 - i)c ffJ R 9 

i=0 

2fc-4 

= (2* - 1)! JJ (n - 3 - i)ii k ((fc - l)/s fl5 + (n - 2k)TZg) , 

i=0 

that is, 

(4-8) 11^ = (2fc (n 1)! ^ ) 7 3) > fc ((* - IKS + (n - 2fc)^ 2 >) . 

Proposition 4.5. If (X, g) G H n ,k then: 
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(1) (X, g) is 2fc-Einstein if and only if it is Einstein; 

(2) (X, g) has constant 2fc-Gauss-Bonnet curvature if and only if it has constant 
scalar curvature. 

In particular, if (X, g) is 2fc-Einstein, that is, 1Z g 2k ^ — Xg, then 
UK X (2fc)Ua*) (n-2)!(2fc)! k(n-2) 

where 

(2fc-l)!(n-3)! 



(4.10) C„, fe = 



[n-2k)\ 



Proof. The first item follows from (|4.8|) . On the other hand, contracting both sides 

(2) 

of this expression and taking into account that c g g = n and c g lZ g = K g , 
c g K g ~(2k).b g - {n _ 2k)l2 

from which 



and the second item follows straightforwardly. □ 



We are finally in conditions to linearize the 2fc-Ricci tensor under the assumption 
(X, g) 6 T-Ln t k- In view of (|2.7[) we get, for an arbitrary metric g, 

(4.12) ilf^h = (2k - \){b g h)cf- 2 R k g + kcf-iR^Rgh, 
which under (|4.7[) reduces to 

TlWh = (2k-l)(d g h)cf- 2 ^g 2k - 2 R g ) + kcf- 1 ^ k - 2 R g h 

(4.13) = (2k - l)[i(c g h)c 2 g k - 2 (g 2k - 2 R g ) + k^cf' 1 g 2k ~ 2 R g h. 

We now identify the terms 

(4.14) A g h = (2k - l)^(t g h)c 2k - 2 (g 2k - 2 R g ), B g h = k^cf' 1 g 2k - 2 R g h, 

in the above expression. 

Let us start with the first one. Using (|2.5p . 

c 2 g k - 2 (g 2k ' 2 R g ) = g 2k - 2 c 2k - 2 R g + (2k-2)\ x 
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and since k > 2 it follows that 



2fc-2 



„2fc-2„2fc-2 j 
'3 



cr - s - 2 R g 



(2fc-2)!^Cf- 2 n(--4 

r 

(2fc - 2)!C, 



„2fc— 2-r 

rC 2k - 2 - r R a 



r=l i=0 
2/8-5 

-<2fc-2 



(2ft- 2 -r)! 9 



i=0 



2fc-4 



hence 



2fc-2 2fc-2 p 



+ (2fc - 2)!C 2 2 ^ 3 2 J] (n - 4 - i)pc ffJ R g 

i=0 
2fe-3 

+ (2fc-2)!C 2 2 fe fe : 2 2 H(n-4-i)R g , 
(2k - 2)!(n - 4)! 



i=0 



(n-2ft)! 



(fc-l)(2ft-3)^-c 2 i? g 



+(2fc - 2)(n - 2k)gc g R g + (n - 2fc)(n - 2ft - l)i? s 



(2fc-2)!(n-4)! 



(n-2ft)! 



(fc-l)(2ft-3)S( 2 ^ 



+ (2fc - 2)(n - 2k)gK i2) + (n - 2fc)(n - 2ft - l)i? g 
Now observe that, by Proposition 14.51 item 1, g is Einstein, lZ g 2 ^ = —g, so that 



the first two terms in the bracket contribute to 

^2 



C*- 1 * 1 * ((2* - 3), + 4(n - 2*)) f = (fc - 1)(2fcn n + "- 8fcK f, 



which leads to 



„2fe-2 „2fc-2 



Ik — A d 

g R g - 



(2k - 2)\(n - 4)! r (k - l)(2kn + n- 8k)n 



9 „2 



(n - 2ft)! 



+(n - 2ft)(n -2ft- l)R g 



2ri 



Then applying c g h to this identity and comparing with (|4.14l) and (|4.10l) . we obtain 
(4.15) 



Ah - 

Agk ~ (n - 3) 



that is, A g h has been determined up to the terms (c g h)g 2 /2 and (c g h)R g , which 
we now analyze. 

Initially, linearizing the identity c g (g 2 /2) — (n — l)g gives, after using 
(n-l)h = (c g h)(g 2 /2) + c g gh 

= (c g h)(g 2 /2)+gc g h+(n-2)h, 



whence 
(4.16) 

On the other hand, since c g R g = Tt g z> , it follows after linearization that 



(4.17) 



(c g h)(g 2 /2) =h-ix g hg. 
(c g h)R g = K g 2) h-c g R g h, 
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and if we substitute (|2.18|) and (|4.2|) into the right-hand side, a cancelation yields 

(4.18) (c g h)R g = - Rgh, 

so that if we take (|4J6|) and (|4~18l) to (|4~T5l> we get 



(4.19) 

Agh ~ (n - 3) 



(fc - l)(2fcn + n- 8k)K g 



[h- (tr g h)g) - (n-2k)(n-2k- l)R g h 



To determine B g h we will use (|2.5[) with fc > 1, an assumption implying in 



particular that c 2 g k 1 R g h = 0, because R g h G C 2 (X). Thus, 



„2fc-l 



2fc-2 



(2fc-2)! 9 



2/c-2 



„2fe-2-r 
» 2/c-l-r 



i=0 



(2fc-2-r)! Jg 
(2k - l)(k - 1) Y[ (n - 3 - i)gc 2 g R g h + 

i=0 
2/c-3 

+(2fc-l) ]J (n - 3 - i)c g R g h, 



R g h 



2k-l 



i=0 



so that 



n 2k-l „2fc-2 ; 



i .;■ "3 - -Rgh = 



(2k - l)!(n - 3)! 



((fc - 1)^^/1)5 + ( n - 2k)c g Rgh 



(n - 2k)\ 

Thus, taking into account Corollary 14. 3[ we obtain 

<f- l g 2k - 2 Rgh = C n . k {(k-l)[AgtYgh + 6gSgh+(TZ g 2 \h) 

+(n-2k)- V*V/i - V 2 tr g h ~ 
-2S* g S g h + K g 2) o h + h o K g 2 ^ }, 
which gives, after using the Einstein condition (see Proposition 14. 5p . 



Bgh = 



knkC n , k \(k 



Agtr g h + S g 8 g h H — -tr g h 



V*V/i - V 2 tr s /i - 2(5*5g/i 



2k c 



Hence, if we substitute (|4.19p and (I4.20[) into (|4.13[) we obtain, after some simplifi- 
cations, the expression for the linearization of the 2fc-Ricci tensor of (X, g) S TL n .k- 

llf^h = fiC n . k ^k(n - 2fc)i(V*Vh - V g dtr g (h) - 28* g 8 g h) + 



+k(k - l)(A g tT g (h) + S g S g h)g 



(4.20) 



+ - 



:{-( fc -i)(fc + !L_^)(tr a % + 

(k-l)(n-2k) \ h \ 
n-3 / J 



+ (k(n-2) + 



(n - 2k)(n -2k- 1) ° 

(^3) Rgk 



20 



T. CAULA, L. L. DE LIMA, AND N. L. SANTOS 



In view of this the next result follows readily. 
Proposition 4.6. If (X,g) G H n ,h then 

C^h = n k C n , k ^k(n-2k)^(w*Wh-W 2 tr g h-2S* g 6 g h 

+k(k - l)(A g tTgh + S g Sgh)g + 

(n — 2k) r . . . , (k — l)n a . , n ° , 

+ ^7 -f\ a(n, k)K g tr g hg + ± '-2-h - (n - 2k - 1 R g h 

(n — 6) L n 

where a(n, k) depends only on n and k. In particular, 

C ¥ k XsHV) h = »kC n , k {k(n-2k)±(y*Vh-26* g 5 g h) + 

+k(k - \){5 g 5gh)g + 

fn — 2k) ( (k — 1)k , , „, ° ,\ 

+ 7 5r(- > -^h-{n-2k-l)R g h) 

[n — 3) V n J 

and 

(4.21) Cf k \ X9 h = fi k k(n - 2fc)C n , fe |iv*V/ l + P^J, 



where 



(k-l)K a (n-2k-l) ° 

4.22 P g fc = 1 1 " h - K — -i P 9 /i. 

nfc(n — 3) fc(n — 3) 



Remark 4.7. If g has constant sectional curvature n, so that its curvature tensor is 

o 

Rg = ^g 2 , then K g — n(n — l)/i, fi k = /j, k ~ 1 /2 k ~ 1 and = fx((tr g h)g — h), thus 
implying P ff /i = /i/i. Consequently, 

4 2fe) li> = M("-2fc)C„, fc Qv*Vfc + /i^) . 
which retrieves a result previously obtained in [7]. 



5. Proving the rigidity theorems 

In this section we will make use of the linearization formulae in Proposition 14.61 
in order to prove the rigidity theorems stated in Section [3] 

Observe that Theorem l3.6l is a straightforward consequence of (I4.2ip . since V*V 
is elliptic; see Remark 13.41 To prove Theorem 13.81 assume that (X,g) 6 TL n ,k and 
let h £ ', so that from (I4.21j) h satisfies 

(5.1) V*Vh + 2P g h = 0. 

Also note that the Hodge Laplacian A v in S 2 (X) = A 1 (X;A 1 (X)) admits the 
Weitzenbock decomposition 



(5.2) 



A v h = V*V/i- Rgh+ho Ric s ; 
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see [3]. Thus, using f|5.1[) . (|5.2|) . the fact that g is Einstein (by Proposition 23]) and 
(|4.22|) . we obtain 

< \\d v h\\ 2 + \\S v h\\ 2 

. ((,rv-$, +*)*,» 

1 f f kn — 5k + 2 , i , , 

+ (2n - fc - 2 - kn)Rg) h, h 



k(n — 3) \ \ n 

1 ffkn-5k+2 , A \ 

< ^^y^ «, + (an-Jb-2-*n) fl0 )jfc > fcj 1 

where we used that 2n — fe— 2 — fen < if fc > 2. Hence, if ft, ^ then it necessarily 
holds that 

fcn - 5fc + 2 , 

Kg + (2n — fc — 2 — fen) a > 0, 

that is, 

So — QL n .k K g- 

On the other hand, a similar reasoning with (|5.2p replaced by (|2 . 2 1 1) gives 
< ||5 2 ft|| 2 

V*V + 2j? 9 -2^) M 

-2P g + 2fi g -2^) h,h 

hjTi 2/c 1 i 

-K g + (kn — 5k + n — 1) R g ) h, h 



< 



k(n — 3) \ \ n 
2 



(( fen-2fe-l , , A \ 

I I K g + (kn — 5k + n — 1) ag) J h,h J , 



k(n - 3) 

that is, h ^ necessarily leads to 

This completes the proof of Theorem 13.81 

We now proceed to the proof of Theorem l3.14[ from which Theorem [3T2] follows, 

(2k) 

as already explained. Observe initially that the fact that the Lovelock tensor J g 
is divergence free, for any metric g, can be expressed as 

(5.3) 5 g K g 2k) + (2k - l)\dS^ 2k) = 0. 

If we introduce the functional Q : M\(X) — > ^(X), 

g{g)=n m_m A (2 k){g)gi 

J n 

and the (2k)-Bianchi operator f3 g 2k) : ^(X) -> V X (X), 

the next proposition follows immediately. 

Proposition 5.1. The following properties hold: 
(1) g is 2fc-Einstein if and only if Q(g) = 0; 
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(2) If g is 2fc-Einstein then Q g = C { g 2k) in C X {X). 

(3) For every g, f3 g 2k ' *£/ g = 0. In particular, if 5 is 2/c-Einstein, j3 g 2k ^Q g = 0. 

This proposition gives, in particular, the identification E? k '(X) = (7 _1 (0). In 
this context, the identity (3 g G g — means that Q g is not surjective, since every 

(2k) 

u e Im Q g belongs to the kernel of the first order operator (3 g , which of course 
reflects the diffcomorphism invariance of the 2fc-Einstein condition. Obviously, this 
is a serious complication when trying to use the Implicit Function Theorem to probe 
the local structure of (£ g (X). A way out is to use Proposition 14.61 and consider, 
for h E tr~ 1 (0), the operator 

C^h = C^h + fiC n!k k(n-2k)S* g S g h-fiC ntk k(k-l)(S g S g h)g 
= fxk(n-2k)C n<k I^W*Vh + P g h 

Lemma 5.2. C g 2k%> leaves invariant the subspace 

T g Mi(X) = \h e C\X); e J tx g hvg = 

In particular, C g 2k \T g A4i(X)) is closed. 

o fn\ 

Proof. It is easy to see that tr s R g h = (lZ g ,h), so that the Einstein condition 
implies 

n — k 

tT g P g h = /3(n,k)K g tr g h, /3(n,k) = 



Since tr g V*V/i = A g tr g h, it follows that 



from which 



nk(n — 3) 

tx g Cf k) h =(n- 2k)kC n>k n 0A s tr fl /i + (3(n, k) Kgtlgh 



tT g C g 2k ^hv g = (n - 2k)kC nt k/3(n, k)(iK g / it g hv g , 
X Jx 



which proves the invariance of T g Aii(X). The ellipticity of C g 2k ^ then implies that 
C g 2k) (TgMi(X)) is closed. □ 

We now verify the constraints imposed on C g 2k ^ by the diffeomorphism invariance 



of the 2fc-Einstcin condition. Using Proposition ^ . 1 1 and the identity tr 9 <5*?7 = —S g rj, 
■q e A 1 (X), we get 

f3 g 2k ^Cf^h = vC n , k k(n - 2k)(3 g 2k ^* g S g h - ^C n , k k(k - l)pf k) [{5 g {5 g h))g] 
= C, hk k(n - 2k) i xi [ 5g{8* g 8 g h) + —tffcr ff - 

-C n . k k(k - l)n{5g[(8 g (8 g h))g] + ^dti g [(8 g {6 g h))g]] 

= C n<k k(n - 2k)n{8 g (6*6 g h) - \d{5 g (5 g h))}, 
so that setting G g = S g S* — \db g it follows that 
(5.4) pWc^h = C n , k k(n - 2k)fiG g (S g h), 
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with G g being elliptic. 

Now, (53J) initially gives C ( a 2k) (T g V g ) C ker(3 g 2k} . Moreover, if k = C g 2k) h E 

ker f3 g 2k \ h G T g Mi(X), then S g h S kerG, a space of finite dimension, and this 
gives 

Cf k \T g V g ) C C g 2k \T g Mi(X) nker/3 g 2k ^) C C {2k) (T g M\{X) n kerG) . 

As T g V s is closed and has finite dimension in T g Ai 1 (X) n £~ 1 ker G, it is easy to ver- 
ify that C {2k) (T g V g ) is closed in cf k) {T g M x (X) n 5" 1 kerG) . Thus, Cf fe) (T ff .Mi(X)) 
is closed in G 9 2fc) {T g Mi{X) n ker/3 g 2fe) ), which is closed in C 1 ^)- We conclude 
that, although Cg 2 ^ — Q g : T g V g — > C 1 (X) is not surjective, its range is closed . 

Hence, if ir is the orthogonal projection oiC 1 {X) onto C g 2k \T g V g ), the composition 
ttoQ : V g — > C g (T g Vg), which is analytic, is a submersion in g. Thus, (it o Q)^ 1 (0) is 

a real analytical manifold in a neighborhood of g having £ g 2k ^ as its tangent space 
in g. In this manifold, the mapping Q is analytical so that the pre-moduli space 
<£ 2 g k {X) — £ _1 (0) is an analytic subset. This completes the proof of Theorem 13. 141 
and, therefore, of Theorem 13.121 

6. The Yamabe problem for Gauss-Bonnet curvatures 

In this section we consider a generalization of the classical Yamabe problem, 
namely, the Yamabe problem for the Gauss-Bonnet curvature S^ 2k \ As explained 
below, in the class of locally conformally flat manifolds this problem is equivalent to 
the so-called ov Yamabe problem and has already been considered under a certain 
ellipticity assumption on the background metric (see [T3], [20 ]). As a consequence 
of a formula for the linearization of the Gauss-Bonnet curvature on (X, g) £ 1-Ln,k 
(see Proposition l7.1l below) we shall prove a local version of the Yamabe problem for 
the Gauss-Bonnet curvatures in a neighborhood of a subclass of T-L n ,k which includes 
all nonflat space forms, except for the round sphere. This gives, in particular, many 
examples of background metrics with non-null Weyl tensor for which this Yamabe 
type problem is affirmatively solved. 

The classical Yamabe problem asks for the existence of a metric with constant 
scalar curvature in each conformal class of metrics in a closed Riemannian manifold 
of dimension n > 3; see [19] . As it is evident from Proposition 12.171 this problem 
is just the first in a series of variational problems in Conformal Geometry. More 
precisely, it is also natural to consider the following problem: 

Yamabe Problem for Gauss-Bonnet curvatures: given n > 4, 1 < k < n/2 

and a Riemannian manifold (X n ,g), does there exist g' £ [g], such that S g 2k ^ is 
constant? 

Clearly, for k = 1 this reduces to the classical Yamabe problem. On the other 
hand, the above general problem is related to another problem of Yamabe type 
extensively studied recently. To see this, recall the following decomposition for the 
curvature tensor: 



(6.1) 



Rg = AgQg + Wg, 
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where W g is the Weyl tensor and 

(6-2) A, = -L_ ( RiCg _ g , 

is the Schouten tensor. Since W g is a conformal invariant, all the information 
regarding conformal changes of metrics is encoded in A g . Thus, if ak(A g ) denotes 
the fc th elementary symmetric function of the eigenvalues of A g (understood as an 
element of T' 1 ' 1 - 1 (Y)) the following problem becomes rather natural: 

(Tfc-Yamabe Problem: given n > A, 1 < fc < n/2 and a Riemannian manifold 
(X n ,g), does there exist g' G [g], such that a k (A g i) is constant? 

Notice that since a\{A g ) is a multiple of K g , this reduces to the classical Yamabe 
problem for k = 1; see for a nice introduction to the <7fc-Yamabe problem. 

Actually, the Yamabe type problems above are completely equivalent in the class 
of conformally flat manifolds. This follows from the proposition below, proved in 

EE]. 

Proposition 6.1. If n > 4, 1 < fc < n/2 and (X n ,g) is a Riemannian manifold, 
then 

where * is the natural extension of the Hodge star operator acting on A* ,m {X). In 
particular, if (X, g) is locally conformally flat (W g = 0) then 

(6.4, Sr = ^MA,). 

The (Tfc -Yamabe problem for conformally flat manifolds (or, equivalent ly, the 
Yamabe problem for the Gauss-Bonnet curvatures) were considered in [13] and 
|20j . assuming that the background metric satisfies a certain ellipticity condition. 
The next theorem solves the Yamabe problem for the Gauss-Bonnet curvatures in 
a neighborhood of Riemannian manifolds in the class Hn^k, except for the round 
spheres, and provides many new examples of nojvconformally flat manifolds for 
which this problem is affirmatively solved. 

Definition 6.2. Given n > 4 and 1 < fc < n/2, let H' n k be the complement of the 
set of round spheres in % n ,k- 

Thus, (X, g) S T-L' n k if and only if g is 2fc-Einstein and satisfies 

with (X, g) being isometrically distinct from a round sphere. Observe that in this 
case it follows from (|4. 1 1[) that 

5 (2*) = (»-2)l 



'* " (n - 2k)\2^ kK( " 

and since g is Einstein by Proposition 14.51 we see that the 2fc-Gauss-Bonnet curva- 
ture of (X,g) is constant. Moreover, if (X,go) £ H' n k , V + (X) denotes the set of 
positive smooth functions in X and 1 : X — > R is the function identically equal to 
1. 
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Theorem 6.3. Assume that 4 < 2k < n and let (X,go) £ T-L' n k with vo\(X,go) — 

v. Then the space M„ (X) of the metrics in X with constant 2k- Gauss-Bonnet 
curvature and volume v has, in a neighborhood of go, the structure of an ILH- 
submanifold (of infinite dimension) of M{X). Moreover, the map £ : T> + (X) x 
given by £(/, g) — fg, is ILH-smooth in a neighborhood of 
(l,<7o) and its derivative in (l,<?o) * s an isomorphism. In particular, there exists 
a neighborhood U of go in A4(X) such that any metric in U is conformal to some 
metric whose 2k -Gauss-Bonnet curvature is constant. 

For the ILH terminology we refer to [26] . We also mention that the proof of this 
theorem is inspired on an argument due to N. Koiso |14j , where a similar result has 
been proved in the case k = 1 for a class of manifolds containing T-l' n k . 

Remark 6.4. The local Yamabe type result in Theorem 16.31 does not hold true in 
case go is the round metric on the sphere. Indeed, if we pull-back go using the flow 
of a conformal vector field we get a one-parameter family of metrics with the same 
Gauss-Bonnet curvature and volume. 



7. Linearizing the Gauss-Bonnet curvature 



The main ingredient in the proof of Theorem l6.3l is a formula for the linearization 
of the 2fc-Gauss-Bonnct curvature at Riemannian manifolds in the class T-L ny k', see 
Proposition 17. II below. We start by observing that, by Definition 12.51 

<j(2fc) = 1 r 2k R (k) 
9 (2k)l 9 9 ' 

from which we obtain 

^ h - j2i—Ty C9hC9 R9 + ~[2kJ 9 9 9 

= - c hTZ (2k) + k c 2k i? fc_1 R k h 

" {2k-\)\ 9 9 + (2k)\ 9 9 9 

Thus, if (X,g) £ H n ,k we can use l|4~71) . (f^Tgj) and (|4TTU|) to check that 

Sf k) h = ^^({k~l)n g {c g h)g + {n-2k){c g h)n^) + 

k 
{2k)\ 

Now notice first that c g g = n implies, after linearization, that {c g h)g + c g h = 0, 
from which we get 

(7.2) (c g h)g = -tr g h. 

On the other hand, the expressions TZ^ = c g R g and n g — c g TZ g 2 ^ lead to 
{c g h)K g ^ = k g h~c g Tlfh 

= k gh - c g (c g h)Rg - c 2 g R g h. 



(7-1) + ^cfg^R g h. 



Also, K g = c 2 R g implies 



kgh = 2Cg(Cgh)R g + C g Rgh, 
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so that {c g h)TZ g 2) = c g {cgh)R g and by fljJlj) and (j2~T6l) . 

(7.3) {c g h)n g = -{njp,h). 

Finally, if we use (|2.5|) . taking into account that c 2k R g h = for k > 1 and 



- 9 

c 2k ~ r R g h = for r < 2fc - 2, we obtain 



2/c — 2 r— 1 2k— 2 — r 

C f 5 2fe - 2 ^ = (2* ^ 2)! x: a 2fc n> - 2 - o (2fc g _ 2 _ r) , c f 

2fe-3 

= (2fc-2)!C 2 2 fe fe _ 2 n(«-2-»)c 2 Vi 

i=0 

= k{n - 2)C„ :fc c 2 g R g h, 

that is, 

(7.4) cfg 2k - 2 R g h = k(n - 2)C n , k c 2 g R g h 

Hence, inserting (j7T2"j) . ([7T5]l and ([7^3]) into (JTTTJ), we get 

S g 2k) h = ^^{-(k-l) Kg tr g h-(n-2k)(TZ g 2 \h) + 

c^Rghj, 



+ k(n-2) 



2 

which in view of (14.61) reduces to 



(7.5) S^h = D nik H k (AgtTgh + SgSgh + (Tg , h)) , 



were 



(7.6) T g = \ - ((fen + 2fc - 2n)^f - 2(fc - l) Kg g 

and 

(7-7) A llfe - ^ • 

Proposition 7.1. If (X, (?) G 7^„,fc then 

(7.8) S^h = D n!k fl k ^AgtTgh + SgSgh - ^tX gh) . 

Proof. It suffices to observe that, due to the Proposition ^. 51 g is Einstein, that is, 

t4 2) = %g. a 

Remark 7.2. The point of (|7.8[) is that, computed at manifolds in 1-L n ^ kl the lineariza- 
tion of the 2fc-Gauss-Bonnet curvature has, up to a constant, the same expression 
as the linearization of the scalar curvature (k — 1); see (|2.19[) . 

We shall use this formula for infinitesimal conformal deformations, namely, h = 
fg, f G D(X); see (|2.27j) . In this situation, 5 g {fg) = -df, hence S g S g (fg) = -A g f, 
and the next corollary is immediate. 

Corollary 7.3. If{X,g) e H n , k then 

(7-9) S g 2k \fg) = D: hk C gi 
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where 

(7.10) C g = A g Jk_ 

and 

(7.11) D; tfc = (n-l)D„ lJk . 

The following fact about the operator £ g , for (X, g) in the subclass %' k , will 
play a key role in our analysis. 

Proposition 7.4. If (X, g) G fe then either ker £ g is trivial or is formed by 
constant functions. 

Proof. The result is obvious if K g < since A g is nonnegative. On the other hand, if 
K g > 0, a result due to Lichnerowicz and Obata 2 implies, from the fact that (X, g) 
is Einstein, that the first eigenvalue of A g is greater than or equal to K g /(n — 1), 
with the equality holding if and only if (X, g) is a round sphere. □ 

8. The proof of Theorem 16.31 

Let (X, g Q ) G %' n fc , so that, in particular, g satisfies R!Z~ X — Hkgo 2k ~ 2 , Mfe 0- 
Applying a homothety to go we may assume that go G M\(X), the space of unit 
volume metrics. Hence, we will prove Theorem 16.31 under the condition v = 1. 

In the following, H ga (Li) will denote the standard Sobolev construction applied 
to an open subset Li of sections of a vector bundle over X, so that, for instance, 
Hg Q (M(X)) is the Hilbert manifold, modeled on Hg Q (C 1 (X)) : of metrics with 
derivatives up to order r defined almost everywhere and square integrable (with 
respect to go). 

Choose r > § + 4 and define B r : H r (M(X)) -> H r - A (V,(X)) by 



were 



B r (g) = A g S^ _ f A 9 5, 



(2*),, 



Since 5 G H ga (M(X)) implies R g G H g ~ 2 (C 2 (X)), B r is well-defined and smooth 
due to the local expression for S g 2k ^ , namely, 

o(2fe) _ r«i «2— i2fc-i J2(i Dtf'ija n32k-ij2k 

which follows by contracting (|2.4p . and the fact that, for r — 2 > n/2 + 2 > n/2, the 
Sobolev space is a Banach algebra with respect to pointwise multiplication 

eg. 

Lemma 8.1. There exists a neighborhood, say V r , of go in H go (M. 2 (X)) which 
is a smooth submanifold of H gg (Ai(X)) with T ga V r — ker B r (go) ■ 

Proof. Note that A 9o (/i)«S^f 3 = for h G C X (X), due to the fact that s£ k) is 
constant. Hence we obtain from (17.81) that 



B r (go)(h) = A go S^(h) 



1-1) = D„,fe/x fc A 90 ( A go tr so /i + 5 go 5g h - -^-tr m h 



K 
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Now, let h = fgo for / G H r go (V.{X)), so that, by ([731) . 



Using Proposition 17.41 it is easy to see that S r ((?o)|_f/j o (r>.(A)) So is injective and the 
Fredholm alternative then implies that 

B r (g ):H r go (C\X))^H r g ;\V.(X)) 

is surjective. The lemma now is a straightforward consequence of the Implicit 
Function Theorem and the fact that 8^(0) = M^ k) (X). □ 

Lemma 8.2. If V+ (X) = V.(X) nV+ (X) and 

£ r :H r go (V+(X))xV r -+H r go (M(X)) 
is the smooth map given by g) — fg then d£L g \ is an isomorphism. 

Proof. If d^ (cf>, h) = h+(f>g a = then h = — (f>g Q e ker B r (g ) so that C go A ga <p — 
0. Thus A go <fi = by the Proposition 17.41 and <j> is constant. But j x 4>v go = 
because V r C H go (Mi(X)) and thus (f> = 0, implying that h = 0. This shows the 
injectivity of df(i, 9o ). 

For the surjectivity note that the decomposition 

lmde {1 , go) = T go V r © H r go (V.(X))g 

already shows that Imd^ •) is closed in H ga (C 1 (X)). Now assume by contra- 
diction the existence of h ^ in H go (C 1 (X)) orthogonal both to T go V r and 
H go (D,(X)g ). It follows from (|8.1|) that B r (go) has surjective symbol and since 
T go V r — ker B r (go) one has the decomposition [9]: 

H r go (C\X)) = R 5o © T 90 ^ © IraB r (g y, 

where B r (go)* is the L 2 adjoint of B r (go). This allows us to write h = B r (go)*(f), 
that is, 

h = D n , k n k ((A go cp)g + V 2 A 3o ^ - ^2.(A ffo¥ >) 5o ) , 
and taking traces, 

tr go h = D' nk fj, k Cg A go ip. 

But, J x tr go hv go = because h is orthogonal to H gg (T>,(X))g , so if we use Proposi- 
tion [TT4l J x A ga ip v ga — and the variational characterization of the first eigenvalue 

M A 3o)> we S et 



! <Ai(A 9o )< Jx 



Ix |VA S0 ^| : 



n-1 LK 90 >- f x \A go v\ 2 v go n-1' 
a contradiction unless A go (p = 0, that is, ip is constant and therefore h = 0. □ 

With Lemmas 18.11 and 18.21 at hand the proof of Theorem 16.31 is immediate, fol- 
lowing essentially from the fact that objects in the ILH category are defined as 
inverse limits of objects in the H gg category as r — > +oo. Therefore, we shall omit 
the details and refer instead to [2]; see his proof of Theorem 2.5. 
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